Abstract. In this work we investigate the commutative monoids over which the axiomatizable class of regular S-acts is primitive normal and antiadditive. We prove that the primitive normality of an axiomatizable class of regular S-acts over the commutative monoid S is equivalent to the antiadditivity of this class and it is equivalent to a linearly order of semigroup R such that an S-act S R is a maximum under the inclusion regular subact of S-act S S.
Introduction
In [1] the primitive normal, primitive connected and additive theories of S-acts are studied. In particular it is proved that a class of all S-acts is primitive normal if and only if S is a linearly ordered monoid. In [2] on a language of a structure of primitive equivalences there are described S-acts with primitive normal, additive and antiadditive theories. It is shown that the class of all S-acts is antiadditive only for a linearly ordered monoid S, that is the class of all S-acts is antiadditive if and only if this class is primitive normal. In this work we investigate the commutative monoids over which the axiomatizable class of regular S-acts is primitive normal and antiadditive. We prove that the primitive normality of an axiomatizable class of regular S-acts over the commutative monoid S is equivalent to the antiadditivity of this class and it is equivalent to a linearly order of semigroup R such that an S-act S R is a maximum under the inclusion regular subact of S-act S S.
Let T be a complete first order theory of a language L. We fix some large much saturated model C of T and we suppose that all considered models of the theory are its elementary submodels. All elements, tuples of elements and sets will be taken from C. The tuples of elements a 0 , . . . , a n−1 and variables x 0 , . . . , x n−1 will be denoted byā andx accordingly. Lets = s 0 , . . . , s n−1 andt = t 0 , . . . , t k−1 be the tuples of variables or elements, A be a set. We will often writes ∈ A instead s 0 , . . . , s n−1 ∈ A, s(i) instead s i , ∃s instead ∃s 0 . . . ∃s n−1 . The set {s 0 , . . . , s n−1 , t 0 , . . . , t k−1 } we will denote bys ∪t. We will denote the length of a tuples by |s|, i.e. |s| = n. If Φ(x,ȳ) is a formula of language L, A is a model of the theory T ,ā is a tuple of elements from A and |ā| = |ȳ|, then Φ(A,ā) will denote the set {b | A |= Φ(b,ā)}.
The formula of a form
where Φ i are the atomic formulas (0 i k), is called a primitive formula.
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Let Φ(x,ȳ) be a primitive formula of language L,ā,b be the tuples of elements and |ā| = |b| = |ȳ|. The set Φ(C,ā) is called a primitive set. The sets Φ(C,ā) and Φ(C,b) are called the primitive copies.
A theory T is called primitive normal if for each primitive copies X, Y we have X = Y or X ∩ Y = ∅. An axiomatizable class of structures K of language L is called primitive normal if the theory of this class is primitive normal. It is known (see [3] ) that the Cartesian closed stable class of structures is primitive normal.
An equivalence α on some set X of n-tuples of elements from C, which is defined in C by some primitive formula Φ(x 1 ,x 2 ), is called a primitive equivalence. The domain X of such equivalence α is defined in C by primitive formula Φ(x,x) and is denoted by dom(α). Ifā ∈ X then α-class which containsā will be denoted byā/α.
A set X is called ∆-primitive if there exists a family S of primitive sets such that
A set of form X = X * /α = {ā/α |ā ∈ X * }, where X * is ∆-primitive set, α is primitive equivalence and X * ⊆ dom(α), is called a generalized primitive set. A set X * is called a basis and α is called a generative equivalence of generalized primitive set X.
The theory T is called antiadditive if it is primitive normal and there is no infinite generalized primitive set which is an Abelian group under the defined by primitive formula operation. An axiomatizable class of structures K of language L is called antiadditive if the theory of this class is antiadditive.
Let us remind some concepts from the theory of S-acts. Throughout this paper S will denote a monoid with identity 1 and set of idempotents E. A structure A; s s∈S of the language L S = {s | s ∈ S} is a (left) S-act if s 1 (s 2 a) = (s 1 s 2 )a and 1a = a for all s 1 , s 2 ∈ S and a ∈ A. An S-act A; s s∈S we will denote by S A. All S-acts, treated in the article, are left S-acts.
Let S A, S B be S-acts. We call a ∈ A an act-regular element if there exists a homomorphism ϕ : S Sa −→ S S such that ϕ(a)a = a. An S-act S A is called regular if all its elements are act-regular. If for elements a ∈ A and b ∈ B there is an isomorphism f : S Sa → S Sb such that f (a) = b then we will write S Sa → S Sb.
Note that the union of all regular subacts of an S-act is also a regular subact. The union of all regular subacts of an S-act S S we will denote by S R. Hereinafter, we assume that R = ∅.
A semigroup T is called linearly ordered if for all a, b ∈ T either T a ⊆ T b or T b ⊆ T a. A monoid S is called regularly linearly ordered if for all a ∈ R a semigroup Sa is linearly ordered.
We will distinguish the symbols of set-theoretic inclusion ⊂ and ⊆ .
Primitive normal Classes of Regular Acts
We will use the following remark without references to it.
Remark 2.1. For all a ∈ S, e, f ∈ E we have 1) aS ⊆ eS ⇐⇒ ea = a; 2) Sa ⊆ Se ⇐⇒ ae = a.
Theorem 2.
2. An S-act S A is primitive normal if and only if for any pairwise disjoint finite sets of indexes I, J, K, any
where 0 l i , l j , l k n − 1, then there existsb ∈ A such that |b| = n and
Proof. Necessity. Let S A be a primitive normal S-act and (1) hold for some pairwise disjoint finite sets of indexes I, J, K, some
where |x| = |ū| = |ȳ| = n. By a conditionā 1 ∈ Φ(A,ā 1 ) andā 1 ,ā 3 ∈ Φ(A,ā 3 ). Since the S-act S A is primitive normal thenā 3 ∈ Φ(A,ā 1 ) that is the condition (2) holds.
Sufficiency. Let Ψ(x,ȳ) be a primitive formula,
for all k, m ∈ { 2, 1 , 2, 4 , 3, 4 }. The conditions of Theorem and (5), (6), (7) imply
for someb ∈ A. Using this and (3) we have
This one, (4) and (8) imply S A |= Θ(ā 3 ,ā 1 ,b), that isā 3 ∈ Ψ(A,ā 1 ). So we have proved that S A is a primitive normal S-act.
Proposition 2.3. [4]
Let S A be an S-act, a ∈ A. An element a is act-regular if and only if there exists an idempotent e ∈ R such that S Sa → S Se.
Proposition 2.4. [5]
If the class R of regular S-acts is axiomatizable then R = {e i R | 1 i n} for some n 1, e i ∈ R, e 2 i = e i (1 i n). Lemma 2.5. Let the class R of regular S-acts is axiomatizable and primitive normal. Then R is a regularly linearly ordered monoid.
Proof. Assume that Sc ⊆ Sb and Sb ⊆ Sc for some b, c ∈ Sa a ∈ R. There exists e ∈ E such that S Sa → S Se. Let S Se i (1 i 3) be the pairwise disjoint copies of S-act S Se, Θ be a congruence of S-act
Since the class R is primitive normal then S A |= Φ(be 1 /Θ, ce 3 /Θ).
Lemma 2.6. Let S be a commutative monoid, the class R of regular S-acts is axiomatizable and primitive normal. Then for any idempotents e, f ∈ R either Se ⊆ Sf or Sf ⊆ Se.
Proof. Suppose that Se ⊆ Sf and Sf ⊆ Se for some idempotents e, f ∈ R. Note that ef ∈ E. If Sef = Sf then ef = f ef = f , that is Sf ⊆ Se, a contradiction. Hence Sef ⊂ Sf . Similarly Sef = Sf e ⊂ Se. Let Φ(x, y) ⇋ ∃u(eu = ex ∧ f u = f y).
Since the class R is primitive normal then S R |= Φ(e, f ). Let u 0 ∈ R such that S R |= e = eu 0 ∧ f = f u 0 . Then e, f ∈ Su 0 . Hence by Lemma 2.5 either Se ⊆ Sf or Sf ⊆ Se, but that contradicts to assumption. Theorem 2.7. Let S be a commutative monoid and the class R of regular S-acts is axiomatizable. The class R is primitive normal if and only if a semigroup R is linearly ordered.
Proof. Necessity. Let the class R is primitive normal. We will show that a semigroup R is linearly ordered. Since the class R is axiomatizable then by Proposition 2.4 R = {e i R | 1 i m} for some m 1 and idempotents e i ∈ R (1 i m). As sf = f sf ∈ f R for all s ∈ S then f R = Sf , where f ∈ R ∩ E. So in view of commutativity of a monoid S and by Lemma 2.6 R = eR = Se for some idempotent e ∈ R. Thus by Lemma 2.5 R is a linearly ordered semigroup.
Sufficiency. Let S A ∈ R, I, J, K be the pairwise disjoint finite sets of indexes, (1) holds, where 0 l i , l j , l k n − 1. By Proposition 2.3 there exists the tuples of idempotentsē 1 ,ē 2 ,ē 3 ∈ R such that |ē 1 
We will construct a tupleb such that (2) holds. Let us fix l ∈ {0, 1, . . . , n−1}. We put I l = {i ∈ I | l i = l}, J l = {j ∈ J | l j = l}. Let 1 k 3. Since by the condition the set {Sd | Sd ⊆ Se k (l)} is linearly ordered under the inclusion, then there exist
Hence for all i ∈ I l and j ∈ J l there are r
Since the semigroup Sē 2 (l) is linearly ordered, without loss of generality we can suppose that
2 (l) then in the same way we haveb(l) =ā 1 (l).
Let (9) be wrong. Then without loss of generality we can suppose that
Hence using (1) we get
Suppose that Ss
Therefore the tupleb such that (2) holds is construct.
The following example shows that the condition of commutativity of monoid S in Theorem 2.7 is essentially.
Let S = {e 1 , e 2 } ∪ T ∪ {1}, where T is a semigroup with {a, b} generators and ab 2 = ab, ba 2 = ba defining relationships. Binary operation on S is defined in the following way: se i = e i , e i t = e i for all i ∈ {1, 2}, s ∈ S, t ∈ T ; 1 is an unit element. It is easy to check that S is a monoid under the operation and E = {e 1 , e 2 , 1}. Note that Se i = {e i } for all i ∈ {1, 2}. Since ba 2 = ba and ba = b then the assertion S Sa → S S · 1 is false. Since a 2 = a and ae i = e i then the assertion S Sa → S Se i is false for all i, i ∈ {1, 2}. In the same way it is shown the falsity of the assertion S Sb → S S · 1 and
So R = {e 1 , e 2 }. It is clear that the semigroup R is not linearly order. For all S-act S A ∈ R, a ∈ A and s ∈ S we have sa = a, that is any regular S-act is represent as a coproduct of one-element S-acts. Hence the class R is axiomatizable and primitive normal.
Antiadditive Classes of Regular Acts
The axiomatizable classes of regular S-acts were investigated in [6] . Particularly in that work there was proved the following proposition.
Proposition 3.1. If the class R of regular S-acts is axiomatizable then R = {e i R | 1 i n} for some n 1, e i ∈ R, e 2 i = e i (1 i n). This statement implies Corollary 3.2. If the class R of regular S-acts is axiomatizable, monoid S is commutative and R will be a linearly order semigroup then R = eR for some idempotent e ∈ R.
Throughout T will denote a theory of the axiomatizable primitive normal class R of regular S-acts, S will be a commutative monoid and R is a linearly order semigroup.
A proof of following Lemma is a modification of a proof of Lemma 2 in [2] .
Lemma 3.3. Let Φ(x 0 ,x) be a conjunction of atomic formulas,x = x 1 , . . . , x n . Then there is a formula Ψ(x), which is a conjunction of atomic formulas, s, t ∈ S and i, 0 i n, such that in theory T
Proof. By Corollary 3.2 there exists an idempotent e ∈ R such that R = eR. Then (10) T ⊢ ∀x(x = ex).
Let Φ(x 0 ,x) be a conjunction of atomic formulas,x = x 1 , . . . , x n . We will prove Lemma by the induction on a number k of atomic subformulas of formula Φ(x 0 ,x) containing a variable x 0 . Suppose that
where Ψ 1 (x 0 ,x) is a conjunction of atomic formulas, s 1 , t 1 ∈ S, 0 i n. On the suggestion of the induction
for some formula Ψ 2 (x), which is a conjunction of atomic formulas, some s 2 , t 2 ∈ S and j, 0 j n. In view of linearly order of a semigroup R we have either Ss 1 e ⊆ Ss 2 e or Ss 2 e ⊆ Ss 1 e. Let for example Ss 1 e ⊆ Ss 2 e. Then there exists r ∈ S such that s 1 e = rs 2 e. Hence in view of (10) we have
Lemma is proved.
The proof of following Lemma coincides exactly with the proof of Lemma 3 in [2] .
Lemma 3.4. Let Φ(x) be not always-false primitive formula,x = x 1 , . . . , x n . Then there exists the formula Φ 0 (x), which is a conjunction of atomic formulas, and the primitive formulas Φ i (x i ), 1 i n, such that in theory T
Lemma 3.5. Letā ∈ C, Φ(x,ȳ,z,ā) be a primitive formula which defines on the infinite generalized primitive set X a binary operation + :x +ȳ =z. Then the set X is not a group under this operation.
Proof. Letā ∈ C, Φ(x,ȳ,z,ā) be a primitive formula defining a structure of group relative to a binary operation +, X * be a basis, α be a generative equivalence of the generalized primitive set X, |ā| = |ū|. By Lemma 3.4 in the theory T
for some formulas Φ 0 (x,ȳ,z,ū), Φ 1 (x), Φ 2 (ȳ), Φ 3 (z), Φ 4 (ū), where Φ 0 (x,ȳ,z,ū) is a conjunction of atomic formulas, Φ 1 (x), Φ 2 (ȳ), Φ 3 (z), Φ 4 (ū) are the primitive formulas. By Lemma 3.3 there exist the formula Ψ(x,ȳ,ū), t i , s i ∈ S andw = w 1 , . . . , w n , where w i ∈x ∪ȳ ∪z ∪ū, 1 i n, such that Ψ(x,ȳ,ū) is a conjunction of atomic formulas and in the theory T Φ 0 (x,ȳ,z,ū) ≡ Ψ(x,ȳ,ū) ∧ Θ(x,ȳ,z,ū), where Θ(x,ȳ,z,ū) ⇋ 1 i n t i z i = s i w i .
Letb,c ∈ X * ,0/α be a null element of the group X. Suppose that t i z i = s i x j is an atomic subformula of the formula Θ(x,ȳ,z,ū). Since0/α +b/α =b/α then t ib (i) = s i0 (j). Since (11)0/α +c/α =c/α +0/α =c/α. then t ic (i) = s i0 (j) = s ic (j). So t ib (i) = s ic (j). Suppose t i z i = s i y j is an atomic subformula of the formula Θ(x,ȳ,z,ū). Since (12)b/α +0/α =b/α, then t ib (i) = s i0 (j). If t i z i = s i z j is an atomic subformula of the formula Θ(x,ȳ,z,ū), then (11) implies the equality t ib (i) = s iā (j). Moreover from (11) and (12) we have C |= Ψ(c,0,ā) ∧ Φ 1 (c) ∧ Φ 2 (0) ∧ Φ 3 (b) ∧ Φ 4 (ā).
Hencec/α +0/α =b/α, that isc/α =b/α and |X| = 1. Contradiction.
Lemma 3.5 implies
Theorem 3.6. If S is a commutative monoid, the class R of regular S-acts is axiomatizable and primitive normal then the class R is antiadditive.
By Theorems 2.7, 3.6 and definition of antiadditive class we have Corollary 3.7. Let S be a commutative monoid and the class R of regular S-acts is axiomatizable. Then the following conditions are equivalent: 1) the class R is primitive normal; 2) the class R is antiadditive; 3) the semigroup R is linearly order.
